Abstract. Under suitable regularity assumptions the p-elastic energy of a planar set E ⊂ R 2 is defined to be
and the p-elastic energy (2)
where L(γ) denotes the length of γ.
In this work we want to study the elastic properties of the boundaries of measurable sets in R 2 . Our first purpose is to give a new definition of the sets which are enough regular for having finite p-elastic energy. We want such definition to be intrinsically dependent on the given set, using immersions of curves only as a tool for the calculation of the energy.
In order to study the functionals defined in (1) and (2) one would classically call regular set a set E with a boundary of class C 2 , i.e. a set E whose ∂E is the image of closed injective immersions γ : S 1 → R 2 of class C 2 . This would be a possible definition of set with finite classic p-elastic energy, and it is the definition considered in [BeDaPa93] , [BeMu04] and [BeMu07] indeed. But with this classical definition it turns out that sets like the one in Fig. 1 not only have infinite energy, but they also have infinite relaxed energy (calculated with respect to the L 1 -convergence of sets, see [BeMu04] ). Figure 1 . A set of finite perimeter E with boundary ∂E that can be parametrized by a smooth non-injective immersion.
E ∂E
However functionals (1) and (2) are very well defined on immersions which are not necessarily injective. Also for many applications one would like to consider sets like the one in Fig. 1 as regular sets, or at least as sets with finite relaxed energy (applications will also be discussed below). A good definition of regular elastic set, i.e. a definition of set with finite energy, comes intrinsically from the geometric properties of the boundary of sets of finite perimeter studied in the context of varifolds. In fact by De Giorgi's Theorem, if E is a set of finite perimeter in R 2 then the reduced boundary FE is 1-rectifiable, and therefore the integer rectifiable varifold V E = v(FE, 1) is well defined. If a 1-rectifiable varifold V = v(Γ, θ V ) has generalized curvature vector k V , the analogue of the functionals (1) and (2) in the varifold context are defined by
So such elastic energies can be calculated on the varifold V E associated to a set of finite perimeter E, thus giving elasticity properties to the set E in a pure intrinsic way. We can introduce the class of elastic varifolds without boundary as the integer rectifiable varifolds V = v(Γ, θ V ) such that there exist a finite family of immersions γ i : S 1 → R 2 such that
where each (γ i )♯(v(S 1 , 1)) is the image varifold of S 1 induced by γ i . We shall see that a representation like (5) is not ambiguous and that the curves appearing in the formula can be used to compute the F p energy (Lemma 2.7). In this way we will eventually define that a set E is regular (in the sense that is has finite elastic energy) if
(γ i ) ♯ (v(S 1 , 1)), for some C 2 immersions γ i : S 1 → R 2 . In such a way the set in Fig. 1 is considered to be regular, and it has finite elastic energy.
That being said, the first part of the work is devoted to the proof of some results about curves and varifolds with curvature from an ambient point of view. We prove a basic inequality concerning the elastic energy of immersed curves using a varifold perspective (Lemma 2.1), then we show an extension to 1-dimensional varifolds with curvature in R n together with uniform bounds on the multiplicity function (Lemma 2.2) and a monotonicity formula for the case p = 2. This helps us to prove the main structural properties of elastic varifolds, which are contained in Lemma 2.7 and Lemma 2.8. Such results are stated for any p ∈ [1, ∞).
In the second part we focus on the p > 1 case and we give a precise characterization of the L 1 -relaxation of the energy F p starting from our new notion (6) of regular set. The expression of the relaxed energy F p (E) takes the form of a minimization problem defined on a class A(E) of elastic varifolds suitably related to the set E (Theorem 3.2). The relaxed energy F p has to be compared with the classical results contained in [BeDaPa93] , [BeMu04] and [BeMu07] , and in Subsection 4.1 we discuss an example of a set E with finite relaxed energy F p which is strictly less then its relaxed energy in the sense of [BeMu04] (which is still finite however). The last part of the work continues with an application to a minimization problem arising from the inpainting problem in image processing ([AmMa03] , [BeCaMaSa11] ).
The relevance of our new definition of relaxed energy F p is particularly evident in this application. Then we conclude the work with some comments on the qualitative properties of sets having finite relaxed energy.
Beside the study of the elastic properties of varifolds contained in Section 2, there are other fundamental motivations for studying this alternative notion of relaxed energy. We would like to extend this ambient perspective and strategy (at least starting from the basic definitions) to the study of the relaxation of functionals depending on the curvature of surfaces in R 3 , such as the Willmore energy. Moreover this work is the starting point for the study of the gradient flow of the elastic energy of planar sets using an intrinsic definition of the functional, not completely relying on immersions covering the boundary of the set; the characterization of the relaxed energy allows us to define the gradient flow on a huge family of sets and therefore to try to obtain a generalized flow (for example using a minimizing movements technique, and this will be the reason of some assumptions we will make in the following). Observe that in particular in a generalized flow one certainly wants to consider sets like the one in Fig. 1 , hence a definition in which its energy is finite is required (see also [OkPoWh18] ).
2. Elastic energy of planar sets 2.1. Notation and definitions. In the following if γ is any parametrization of a curve, we denote by (γ) its image. The letter E will usually denote a measurable set in R 2 . We recall that E has finite perimeter in an open set Ω ⊂ R 2 if the characteristic function χ E restricted to Ω belongs to BV (Ω), and in such case we denote by P (E, Ω) the perimeter of E in Ω. For the theory of sets of finite perimeter we refer to [AmFuPa00] . If E ⊂ R 2 is measurable and Ω ⊂ R 2 is an open set such that E has finite perimeter in Ω, we denote by Dχ E the gradient measure of χ E and by |Dχ E | the corresponding total variation measure. Then we denote by
and we call FE the reduced boundary of E, and ν E is the generalized inner normal of E. By De Giorgi's Theorem the set FE is 1-rectifiable and |Dχ E | = H 1 ¬ FE.
Let G(1, 2) be the Cartesian product between R 2 and the set of 1-dimensional subspaces in R 2 . We call G(1, 2) the Grassmannian of 1-dimensional spaces in R 2 . A point (x, v) ∈ G(1, 2) (where v ∈ R 2 with |v| = 1 generates the given 1-dimensional subspace) is identified by the matrix π x,v that projects vectors in T x (R 2 ) onto the subspace spanned by v; therefore G(1, 2) obtains a structure of metric space calculating the distance between two elements as the distance between the corresponding projection matrices. A 1-dimensional varifold in R 2 is a positive finite Radon measure on G(1, 2). For the theory of varifolds we refer to [Si84] , and in this work we will always deal with integer rectifiable varifolds. For a 1-dimensional varifold V in R 2 we denote by µ V the induced measure in R 2 . We recall
Recall that is such case the measure σ V is singular with respect to µ V . If f : suppV → R 2 is Lipschitz we define the image varifold f ♯ (V ) := v(f (Γ),θ) withθ(y) = x∈f −1 (y)∩Γ θ V (x) for any y ∈ R 2 . If E has finite perimeter in R 2 we denote by V E the associated varifold V E := v(FE, 1). If a varifold V = v(Γ, θ V ) has generalized curvature k V , then we define
while if V does not admit generalized curvature we then set E p (V ) = +∞. At some point we will also use for a while some very basic facts about the theory of currents; for such definitions and results we refer to [Si84] .
Here we recall with proof some basic properties of sets of finite perimeter, together with the choice of a convention and of the notation. The following observations actually work for sets of finite perimeter in any dimension. If E ⊂ R 2 is a measurable set, for any t ∈ [0, 1] we denote by E t the subset of t-density points, that is
The essential boundary ∂ * E is then ∂ * E := R 2 \ (E 0 ∪ E 1 ). Recall that for a set of perimeter E in R 3 it holds that FE ⊂ E 1 2 ⊂ ∂ * E ⊂ ∂E and H 1 (∂ * E \ FE) = 0. Following [LuSt95] , since in BV we only consider equivalence classes of functions, for any set E with χ E ∈ BV (R 2 ) we will always assume we have chosen the element of the class given by
In this way the distance function d(·, ∂E) is well defined. Assuming (8) we also have (9) E = E 1 .
In fact E 1 ⊂ E and E is closed, indeed if x ∈ E then there is ρ 0 > 0 such that´B ρ 0 (x) χ E = 0 and we can conclude that
In this way we have E 1 ⊂ E. But χ E , χ E 1 are in the same equivalence class, that is |E∆E 1 | = 0; if x ∈ E there exists x n ∈ E 1 converging to x, otherwise |E 1 ∩ B ρ (x)| = 0 for some ρ > 0 and by definition
In fact if x ∈ ∂ m E then there are sequences x 1 n ∈ E, x 2 n ∈ E c converging to
Finally under assumption (8) we have that if E is a set of finite perimeter in R 2 , then the reduced boundary is dense in the boundary of E, that is
In fact FE ⊂ ∂E and if by contradiction there is x ∈ ∂ m E \ FE, then for some ρ 0 > 0 we have B ρ 0 (x) ∩ FE = ∅ and 0 < |E ∩ B ρ 0 (x)| < πρ 2 0 . Hence by relative isoperimetric inequality in the ball B ρ 0 (x) we get that P (E, B ρ 0 (x)) > 0, but since B ρ 0 (x) ∩ FE = ∅ using De Giorgi's Theorem we also have P (E, B ρ 0 (x)) = H 1 (FE ∩ B ρ 0 (x)) = 0, which gives a contradiction. Observe that it also follows that diamFE = diam∂E.
Preliminary estimates.
Here we prove a fundamental estimate concerning curves in R 2 .
Lemma 2.1. Let γ : S 1 → R 2 be a regular curve in W 2,p for some p ∈ [1, ∞). Then Proof. By approximation it is enough to prove the statement for γ ∈ C ∞ . Call σ : [0, L] → R 2 the arclength parametrization of the curve. We want to prove that 
and for any v ∈ S 1 ∩ {(x, y) | y > 0} we have that ♯T −1 (v) ≥ 2. Therefore using the area formula we obtain
By the above calculations equality holds if and only if σ is convex with constant curvature |k σ | and with ♯T −1 (v) = 1 for H 1 almost every v ∈ S 1 . Hence this completes the proof.
We mention that inequality (13) is already present in [DaNoPl18] , proved with a different method in the setting of networks, but in the following we will need the specific approach used in the proof of Lemma 2.1. Also, we are going to prove that inequality (12) is true (up to changing the constant) in an analogous sense in the setting of varifolds as stated in the inequality (15) in Subsection 2.3.
2.3. Monotonicity. Here we develop a monotonicity-type argument that is the direct analogue of Simon's Monotonicity Formula ([Si93]), which is fundamental in the study of the Willmore energy, that in some sense is the two-dimensional energy corresponding to the functional E 2 . This result is of independent interest and it will be sated in general in R n .
Throughout this Subsection consider x 0 ∈ R n , 0 < σ < ρ < +∞, V = v(Γ, θ V ) = 0 an integer 1-dimensional rectifiable varifold in R n with curvature k V such that E p (V ) < +∞ for some p ∈ [1, ∞) (for the moment µ V is just locally finite on R n ). Also we are assuming that σ V = 0.
Consider the field X(x) = 
We want to prove the following result.
Proposition 2.2. Under the above assumptions it holds that
and we have the following bounds on the multiplicity function:
Proof. Integrating the divergence div T Γ X above with respect to µ V and using the first variation formula we get
Dropping the positive term on the left we obtain
and
letting σ ց 0 and then ρ ր ∞ we get the inequality lim sup
that is (14).
Suppose from now on that µ V (R n ) < +∞, then (14) gives
Equation (20) gives us the pointwise bounds on the multiplicity function θ V as follows.
If p > 1 we know that the density lim σց0
exists at any p and can be used as multiplicity function θ V for V ([Si84], page 86). So in this case (20) gives
Instead in the p = 1 case we can say the following. Since Γ has generalized tangent space at H 1 -ae point we have that
Therefore, since θ V (x) ≥ 1 at some point x, for any p ∈ [1, ∞) we can state inequality (15). Now assume p = 1 and without loss of generality Γ ⊂ B R 0 (0) is bounded, then we want to show that the limit lim σց0
does exist for any x 0 ∈ R n . In fact in Equation (19) we have
where the last statement follows by Dominated Convergence. Therefore there exists the limit
which is also finite. Hence (19) implies that
thus by monotonicity the limit
exists finite. Since lim ρ→∞
which completes the proof.
We mention that the inequality (15) is probably not sharp, but still new in the context of 1-dimensional varifolds.
We conclude with a monotonicity statement concerning the p = 2 case.
Remark 2.3. Let p = 2. For r > 0 let
in particular r → A(r) is nondecreasing. Indeed to prove (25) just insert the identity k V ,
Moreover if we additionally require that µ V (R n ) < +∞, then
for any r < R. So letting first R → ∞ and then r → ∞ we get that
And thus we obtain that (26) lim
for any choice of x 0 ∈ R n .
Elastic varifolds.
Here we prove some important remarks about varifolds defined through immersions of elastic curves. The next definition comes from [BeMu04] .
Definition 2.4. Given a family of regular C 1 curves α i : (−a i , a i ) → R 2 for i = 1, ..., N and a point p ∈ R 2 such that α i (t i ) = p for some times t i and the curves {α i } are tangent at p. Let v ∈ S 1 such that α ′ i (t i ) and v are parallel for any i. We say that R v (p) is a nice rectangle at p for the curves {α i } with side parameters a, b > 0 if
, where graph(f i ) denotes the graph of f i constructed on the lower side of the rectangle.
We also give the following definition.
Definition 2.5. We say that a varifold
.., g r : [−ε, ε] ֒→ R 2 parametrize by arclength the r arcs of ∪ i∈I (γ i )∩B ρ (p) passing through p with tangent space generated by v (which are well defined for ρ small enough), with
for the family {g i } such that it holds that ∀|c| < a :
Observe that if V = i∈I (γ i ) ♯ (v(S 1 , 1)) with γ i ∈ C 1 ∩W 2,p immersions and F p (V ) < +∞, θ V ≤ C < +∞, then V verifies the flux property.
Remark 2.6. Let E be a set of finite perimeter in R 2 , let Γ = ∪ N i=1 (γ i ) with γ i ∈ C 1 (S 1 ; R 2 ) and regular for any i. Assume that 1 , 1) ). Then H 1 (∂E \ FE) = 0, and we can equivalently write V E = v(∂E, 1). In fact by assumption H 1 -almost every point p ∈ Γ is contained in FE, suppV E = Γ, and
the generalized boundary σ V = 0, and
In particular, since k V is unique, the value E p (V ) is independent of the choice of the family of curves {γ i } defining V .
Proof. In fact suppose first that N = 1, and then call γ 1 = γ. Up to rescaling, assume without loss of generality that γ is an arclength parametrization. By assumption γ ∈ C 1,α for α ≤ 1 p ′ , and clearly Γ = (γ) and
is a vector field, using the area formula and the fact that
If now N > 1, by linearity of the first variation we get
Now we want to prove (28). Let us consider the set W = {p ∈ Γ | θ V (p) > 1}. Up to redefining some γ i on another circumference, we can suppose from now on that γ i is an arclength parametrization. We can write W = T ∪ X ∪ Y ∪ Z, with
We are going to prove that T, Z are at most countable, then since H 1 (X) = 0 we will get that H 1 (W ) = H 1 (Y ). Hence by (27) one immediately gets (28).
be a nice rectangle at p for the curves {α j } j∈J(i) which are suitable restrictions of the curves
given by the definition of nice rectangle. Let q ∈ ∪ l s=1 graph(f i s ), and assume q ∈ T . If a i is chosen sufficiently small, the fact that q belongs to T means that the transversal intersection happens between some of the curves {α j } j∈J(i) . This means that there is some δ q > 0, x q ∈ (−a i , a i ), r, s ∈ {1, ..., l} such that
which is open, we see that x q belongs to the boundary of some connected component of A i . This implies that T ∩ ∪ l s=1 graph(f i s ) is countable, and this is true for any i = 1, ..., k(p).
Then T ∩B r(p) (p) is countable. Since Γ is compact, taking a finite cover of such balls B r(p 1 ) (p 1 ), ..., B r(p L ) (p L ), we conclude that T is countable.
Consider now q ∈ ∪ l s=1 graph(f i s ), and assume q ∈ Z. If a i is chosen sufficiently small, the fact that q belongs to Z means that the tangential intersection happens between some of the curves {α j } j∈J(i) . Hence at some x q ∈ (−a i , a i ) for some r, s ∈ {1, ..., l} we find that x q is a Lebesgue point for (f i r ) ′′ and (f i s ) ′′ , and
This implies that there exists ε > 0 such that for any 0 < |t| < ε we have (f i r ) ′ (x q +t) = (f i s ) ′ (x q + t). By continuity of the first derivative we have that, for example, (f i r ) ′ (x q + t) > (f i s ) ′ (x q + t) for any 0 < |t| < ε, and therefore f i r (x q + t) > f i s (x q + t) for any 0 < |t| < ε. So we find that x q belongs to the boundary of a connected component of an A i defined as above as in the case of the set T . Arguing as before we eventually get that Z is countable.
Lemma 2.8. Let γ 1 , ..., γ N : S 1 → R 2 be Lipschitz curves and let (S 1 , 1) ).
Assume that H 1 ({x | θ V (x) > 1}) = 0, and define
, and E is uniquely determined by 1) ) then the corresponding set E defined using (29) with the family {γ i } is the same set defined using (29) with the family {σ i }.
Proof. The set E is closed and bounded, withE = {p ∈ R 2 \ Γ : (S 1 , 1) ), then the definition of E by (29) is independent of the choice of the family of curves. The fact that a point p ∈ R 2 \ Γ belongs to E depends on the residue class
Ind σ i (p) mod 2.
Without loss of generality we think that p = 0. Since the curves {γ i }, {σ i } define the same varifold, for H 1 -ae point q ∈ {(x, y) ∈ R 2 | x 2 + y 2 = 1} we have that
In the following we denote by deg(f, y) the degree of a map f at y and by deg 2 (f, y) the degree mod 2 of f at y (we refer to [Mi65] ). Since the curves are Lipschitz almost every point q ∈ {(x, y) ∈ R 2 | x 2 + y 2 = 1} is a regular value for
|σ i | and we can perform the calculation
that together with the same expression using the curves σ i , implies that E is uniquely defined by (30). Now we prove that V = V E . Let
We want to prove that
Now let p ∈ FE, we want to prove that H 1 (FE \ X) = 0, and this will complete the claim (31). If θ V (p) = 1 only a curve passes (once) trough p, say γ 1 (t 1 ) = p, and since p ∈ FE such curve has to be differentiable at t 1 (otherwise the blow up measures of H 1 ¬ FE at p would not converge to H 1 restricted to a line). Conversely if p = γ i (t i ) for some {i, t i }'s, assuming that each γ i is differentiable at t i , we want to prove that θ V (p) = 1. Suppose by contradiction that θ V (p) > 1, then there are α, β : (−ε, ε) → Γ Lipschitz arcs such that α(0) = β(0) = p and α, β are differentiable at time 0; moreover the hypothesis H 1 ({x | θ V (x) > 1}) = 0 implies that H 1 (α) ∩ (β) = 0. Therefore H 1 -ae point p ∈ (α) ∪ (β) is contained in X, and thus H 1 -ae point p ∈ (α) ∪ (β) is contained in FE, since we already know that H 1 (X \ FE) = 0. So for any ε > 0 there is r > 0 such that
and thus
which is a contradiction with the fact that any point in FE has one dimensional density equal to 1. So we have proved that a point p ∈ FE verifies that: if θ V (p) = 1 then p ∈ X, and if any curve passing through p at some time is differentiable at that time then p ∈ X. In any case we conclude that H 1 -almost every point in FE belongs to X, and then H 1 (FE \ X) = 0.
3. Relaxation 3.1. Setting and results. From now on and for the rest of Section 3 let p > 1 be fixed and for any set of finite perimeter E assume (8). For any measurable set E ⊂ R 2 we define the energy (32)
We write F p (E) understanding that F p is defined on the set of equivalence classes of characteristic functions endowed with L 1 norm. We want to calculate the relaxed functional F p with respect to the L 1 sense of convergence of characteristic functions. By Remark 2.6 and Lemma 2.7, if F p (E) < ∞, we have that 1) ). Also up to renamingE c into E, we can suppose that E is bounded.
If E ⊂ R 2 is measurable, we define
exists and it is uniformly bounded on Γ. Moreover the condition ∂E ⊂ Γ and the bound on the energy of the curves imply that H 1 (∂E) < ∞, and then E is a set of finite perimeter.
The main result of the section is the following.
Theorem 3.2. For any measurable set E ⊂ R 2 we have that
where we say that a set E is essentially unbounded if |E \ B r (0)| > 0 for any r > 0.
The proof of Theorem 3.2 will be completed in Subsection 3.3.
Remark 3.3. Choosing for a measurable set E the L 1 representative defined in (8), then the set E is essentially unbounded if and only if it is unbounded. So in the statement of Theorem 3.2 one can actually write unbounded in place of essentially unbounded.
Remark 3.4. The characterization of F p given by Theorem 3.2 immediately implies the stability property that
by definition we have that V E ≤ V in the sense of measures and FE ⊂ {x | θ W (x) is odd}, and this implies that
, and also
by locality of the generalized curvature ([LeMa09]).
We conclude this part showing some properties of varifolds V ∈ A(E) (in the following remember the assumption (8)).
Lemma 3.5. Let E ⊂ R 2 be a bounded set of finite perimeter. 1) ) with γ 1 , ..., γ N : S 1 → R 2 Lipschitz curves. Suppose that FE ⊂ Γ and
Proof. Fix p ∈ R 2 \ Γ. In the following we suppose without loss of generality that p = 0. By hypotheses and by the calculations in the proof of Lemma 2.8, there exists a vector v ∈ R 2 \ {0} such that the ray L = {p + tv | t ∈ [0, ∞)} verifies the properties: i) L intersects Γ at points y such that for any i = 1, ..., N if γ i (t) = y then γ i is differentiable at t, ii) L intersects FE a finite number M ∈ N of times at points z in FE ∩ {x | θ V (x) is odd} where ν E (z), v are independent, iii) L intersects Γ \ FE a finite number of times at points w in {x | θ V (x) is even} where γ ′ i (t), v are independent whenever γ i (t) = w, iv)
where in iv) the second inequality follows from ii) and iii). Now if p ∈E, since E is bounded the number M has to be odd, and then
Ind γ i (p) mod 2 = 1. Conversely if p ∈ E c , then M is even, and then N i=1 Ind γ i (p) mod 2 = 0. Remark 3.6. We observe that Lemma 3.5 applies to couples E, V with V ∈ A(E).
Lemma 3.7. Let V = v(Γ, θ V ) ∈ A(E) for some measurable set E. Letting Σ := Γ \ ∂E, it holds that if Σ = ∅ then for any x ∈ Σ ∩ ∂E at least one of the following holds:
The alternative above is not exclusive. 1 , 1) ). Assume Σ = ∅, that is equivalent to Γ \ ∂E =: S = ∅. Suppose x ∈ Σ ∩ ∂E is isolated in Σ ∩ ∂E, then we want to prove that condition i) in (35) holds true. There exists r 0 > 0 such that B r (x) ∩ Σ ∩ ∂E = {x} for any r ≤ r 0 . Up to reparametrization we can say that σ 1 | (−ε,ε) : (−ε, ε) → B r 0 (x) passes through x at time 0. Up to reparametrize σ 1 (t) into σ 1 (−t), we can say that there exists a time T > 0 such that σ 1 | (0,T ) ⊂ S and y := σ 1 (T ) ∈ ∂S = Σ ∩ ∂E, looking at S as topological subspace of Σ; in fact otherwise x would not be isolated in ∂S = Σ ∩ ∂E. Defining f (t) = σ 1 (t) for t ∈ [0, T ] gives alternative i) in (35).
3.2. Necessary conditions. Here we prove that a set E ⊂ R 2 with F p (E) < +∞ has the necessary properties that inspire formula (33).
Let E n be any sequence of sets such that
Using also (12) we have that 0 < c ≤ H 1 (γ i,n ) ≤ C < ∞ for any i, n. Also E p (γ i,n ) ≥ c > 0 for any i, n, thus ♯I n < +∞ for large n and then we can suppose that I n = I for any n. Also we can choose E n bounded and by L 1 convergence we have that |E| < +∞.
Moreover we observe that in order to calculate the relaxation of F p we can suppose that the sequence E n is actually uniformly bounded, hence getting that E is bounded. Indeed if (up to subsequence) we have that for example γ 1,n ∩ B n (0) c = ∅, then by boundedness of the length we have γ 1,n ⊂ (B n−c (0)) c for any n for some c. Let Λ n be the connected component of ∪ i∈I (γ i ) containing (γ 1 ). The component Λ n is equal to some union ∪ j∈Jn (γ j,n ). Up to relabeling we can suppose that J n = J for any n. Since the length of each curve is uniformly bounded, then there exist open sets U n such that Λ n ⊂ U n , U n ∩ ∪ i∈I\J (γ i,n ) = ∅, and U n ∩ B Rn (0) = ∅ for some sequence R n → ∞. Therefore the set E ′ n := E n \ U n still converges to E in L 1 (R 2 ), and
Under the above notation we have the following result.
. Then any subsequence of V En converging in the sense of varifolds converge to an element of A(E).
Proof. The arclength parametrizations σ i,n corresponding to γ i,n are uniformly bounded in W 2,p for any i ∈ I n = I and for any n. Therefore, since the sequence is uniformly bounded in R 2 , up to subsequence σ i,n → σ i strongly in C 1,α for some α ≤ 1 p ′ and weakly in W 2,p (R 2 ) for any i ∈ I. Each σ i is then a closed curve parametrized by arclength, and we call γ i the parametrization on S 1 with constant velocity. Hence the varifolds V En converge to some limit integer rectifiable varifold V = v(Γ, θ V ) in the sense of varifolds, and V = i∈I (γ i ) ♯ (v (S 1 , 1) ). The multiplicity function θ V is upper semicontinuous and pointwise bounded by the discussion in Subsection 2.3. Also the sets E n converge to E weakly* in BV (R 2 ), that is χ En → χ E and Dχ En ⋆ ⇀ Dχ E , thus E is a set of finite perimeter.
From now on we call Γ = ∪ i∈I (σ i ), Σ = Γ \ ∂E, S = Γ \ ∂E.
Let x ∈ ∂E, so that for any ρ > 0 we have (36) lim
Then for ρ > 0 there is n(ρ) such that there exist ξ n ∈ E n ∩ B ρ (x), η n ∈ E c n ∩ B ρ (x) for any n ≥ n(ρ) and thus there exists w n ∈ ∂E n ∩ B ρ (x) for any n ≥ n(ρ). Taking some sequence ρ k ց 0, we find a sequence w n converging to x. Therefore, also by density (11), we have proved that FE ⊂ ∂E ⊂ y | y = lim n y n , y n ∈ FE n = Γ. In particular ∂E is 1-rectifiable. Now we prove that FE ⊂ {x | θ V (x) is odd}. So let p ∈ FE, and let {γ j k | j = 1, ..., N, i = 1, ..., n j } be distinct curves which are suitable disjoint restrictions of the γ i 's such that (γ j k ) ⊂ (γ j ) for any k (up to relabeling the γ i 's) and
Without loss of generality we write γ j k (t j k ) = p. We want to prove that
Since p ∈ FE there is q ∈E ∩ B r 0 (p) such that the segment
is such that
and s| [0,|p−q|] ⊂ E, s| (|p−q|,2|p−q|] ⊂ E c . Also since γ i,n → γ i strongly in C 1,α , by (37) we get that s intersects transversely γ i,n for any i for n big enough, and the number of such intersections is θ V (p). Also denote b := s(2|p − q|). Moreover we can write that B rq (q) ⊂E n and B r b (b) ⊂ E c n for n sufficiently big. We know that for any ε > 0 there is a ε ∈ E c * n , where (·) * will always denote the unbounded connected component of (·), such that
Hence up to a small C ∞ deformation which is different from the identity only on x + t
we can suppose that for M > 0 sufficiently big it holds that
i∈I
Taking into account Lemma 2.8, by construction we have that the quantity in (38) is 0 mod 2. Moreover we have that
and then θ V (p) is odd.
It remains to prove that H
We observe that in the sense of currents we have the convergence [|E n |] → [|E|] and thus
in the sense of currents where ξ 0 is the positive orientation of the boundaries with respect to
for countably many Lipschitz parametrizations α i,n . Such immersions positively orient the boundary ∂E i n of E i n , where E i n is one of the open connected components ofE n , which are at most countable. The length of each α i,n is uniformly bounded, then we can assume that the parametrizations α i,n are L-Lipschitz with constant L independent of i, n. Since the parametrizations σ i,n converge strongly in C 1 , the immersions α i,n uniformly converge to L-Lipschitz curves α i : S 1 → R 2 as n → ∞. Dropping possibly constant curves α i , we can also reparametrize each α i by arclength almost everywhere (in the sense of metric derivatives), and we can write that
in the sense of currents. And the multiplicity function of
for H 1 -ae x ∈ R 2 , where S(y) = +1 if d(α i ) y preserves the orientation and the opposite in the −1 case. Note that since θ V is bounded, the series in (39) is actually a finite sum. Since E is a set of finite perimeter, by Gauss-Green formula the multiplicity function m is equal to 1
⇀ µ V , and thus by uniform convergence of the α i,n we can write that
and therefore the number of summands in (39) is θ V (x), and it is readily checked that θ V (x) is odd if and only if m(x) is odd.
So finally since H
3.3. Proof of Theorem 3.2. First we want to prove the following approximation result.
Proposition 3.9. Let E ⊂ R 2 be measurable and bounded with A(E) = ∅. Then for any V ∈ A(E) there exists a sequence E n of uniformly bounded sets such that
Moreover for any n we have that 1) ) with γ i analytic for any i.
with γ i ∈ W 2,p regular. For any i let {γ i,n } n∈N be a sequence of analytic regular immersions such that γ i,n → γ i in W 2,p as n → ∞. Hence the set
. By (41) we can define E n as in Lemma 2.8, so that V n = V En . Moreover we have that
By uniform convergence of γ i,n we get that for any ε > 0 there is n ε such that
where I ε 2 denotes the ε 2 open tubolar neighborhood. Hence up to passing to a subsequence by Riesz-Fréchet-Kolmogorov we have that χ En converges strongly in L 2 (R 2 ), and then in L 1 (R 2 ) and pointwise almost everywhere to the characteristic function of a closed set F . Using the definition of E n and Lemma 3.5 together with Remark 3.6 we have that F = E, and the proof is completed.
Corollary 3.10. Let E ⊂ R 2 be measurable and bounded with A(E) = ∅. Then
Proof. Let V k be a minimizing sequence in A(E). Up to subsequence we can assume that V k → V in the sense of varifolds and the supports suppV k are uniformly bounded. By Proposition 3.9 using a diagonal argument we find a sequence of uniformly bounded sets E k such that
Hence E k is a possible approximating sequence of E by regular sets, i.e. a competitor in the calculation of the relaxation F p (E). Then by Lemma 3.8 we get that V ∈ A(E), and therefore V minimizes F p on A(E).
Now Proposition 3.9 together with Corollary 3.10 readily imply Theorem 3.2.
3.4. Comment on the p = 1 case. The characterization of the relaxed energy given by Theorem 3.2 fails in the p = 1 case. As stated in Section 1, many estimates used in the p > 1 case have an analogous formulation in case p = 1. However, if I ⊂ R is a bounded interval, functions u ∈ W 2,1 (I) do not have good compactness properties. In fact even if u ∈ W 2,1 (I) implies that u ′ ∈ W 1,1 (I) = AC(Ī) and hence u ∈ C 1 , the immersion W 2,1 (I) ֒→ C 1 (Ī) is not continuous. Since W 2,1 (I) ֒→ W 1,p (I) for any p ∈ [1, ∞), we have that W 2,1 (I) compactly embeds only in C 0,α (Ī) for any α ∈ (0, 1). This implies that the convergence of the curves defining the boundary of sets E n with F 1 (E n ) ≤ C is much weaker than in the p > 1 case.
One of the main differences is the following. As we will show in Subsection 4.3 the F p energy of polygons is infinite if p > 1. Instead if E is a regular polygon, i.e. a set E ⊂ R 2 whose boundary is the image of an injective piecewise C 2 closed curve, it can happen that F 1 (E) < +∞. For instance, consider a square Q in the plane: in small neighborhoods of the four vertices the boundary ∂Q can be approximated by a piece of circumference of radius converging to 0 with finite bounded energy converging to π 2 . This is ultimately due to the invariance of the energy F 1 under rescaling, a property that is absent if p > 1. This implies that a possible limit varifold does not verify the flux property (because of the arguments in the proof of Proposition 4.4).
We believe that the presence of vertices in the boundary of the limit set is the main difference with the p > 1 case and that sets E with F 1 (E) ≤ C have at most countably many vertices, each of them giving an additional contribution to the energy equal to the angle described by the vertex. [BeMu04] , [BeMu07] . In these works Bellettini and Mugnai develop a characterization of the following relaxed functional. For simplicity we reduce ourselves to the case p = 2. Let E ⊂ R 2 be measurable and define the energy
Remarks and applications

Comparison with
Then the functional G is the L 1 -relaxation of G. Clearly
The precise characterization of G is discussed in [BeMu04] and [BeMu07] ; here we just want to point out that ∃E :
In fact an example is the set E 0 in Fig. 2 described in the Example 4.4 in [BeMu07] . Let γ 1 , γ 2 be as in Fig. 2 . In [BeMu07] it is proved that
Here we want to prove that
Observe that γ 1 , γ 2 carry inside B 1 (0) a F 2 energy equal to 8. 
2)If γ 1 (τ ) = (1, 0) by an analogous argument one gets
Hence in any case it is convenient for the curve γ to pass first through the point (−1, 0). By the characterization of Theorem 3.2 equality (43) follows.
In this sense we can look at the relaxation F p as a generalization of the energy G, in the sense that F p admits a wider class of regular objects, i.e. sets E with F p (E) < +∞, and this implies that the relaxed energy F p is naturally strictly less than G on some sets.
4.2.
Inpainting. Here we describe a simple but significant application of the relaxed functional F p given by Theorem 3.2. Such application arises from the inpainting problem that roughly speaking consists in the reconstruction of a part of an image, knowing how the remaining part of the picture looks like. This problem as stated is quite involved ([BeCaMaSa11] ). Assuming the only two colours of the image are black and white, as already pointed out for example in [AmMa03] , one can think that the black shape contained in lost part of the image is consistent with the shape minimizing a suitable functional depending on length and curvature of its boundary. In such a setting the known part of the image plays the role of the boundary conditions. On different scales one can ask for the optimal unknown shape to minimize a weighted functional like (45), where one can give more importance to the length or to the curvature term. Now we formalize the problem and we give a variational result.
Fix p ∈ (1, ∞). In R 2 consider the set H defined as follows. Let Q 1 , Q 2 be the squares Q 1 = {(x, y) : 0 ≤ x ≤ 10, 0 ≤ y ≤ 10}, Q 2 = {(x, y) : −10 ≤ x ≤ 0, −10 ≤ y ≤ 0}, modify the squares in small neighborhoods of the vertices into convex setsQ 1 ,Q 2 with smooth boundary. Finally let
Let λ ∈ (0, ∞) and F λ,p be the functional (45)
Analogously to the functional F p , we have a well defined characterization of the L 1 -relaxed functional F λ,p . We want to solve the minimization problem
under the hypothesis of λ suitably small. The heuristic idea is that a good candidate minimizer is given by the set
which has finite F p energy. For a qualitative picture see Fig. 3 .
Figure 3. Qualitative pictures of the datum H and the minimizer E 0 .
Remark 4.1. Observe that if G is the relaxed functional defined in [BeMu07] recalled in Subsection 4.1, then G(E 0 ) = +∞, and hence E 0 will never be detected by a minimization problem (46) analogously defined with the functional G.
We have the following result.
Proposition 4.2. There exists λ 0 ∈ 0, π 2 such that for any λ ∈ (0, λ 0 ) the set E 0 is the unique minimizer of problem P.
Proof. Let E n be a minimizing sequence of problem P. By Theorem 3.2 and Lemma 2.7 we can write F λ,p (E n ) = i∈In F λ,p (γ i,n ) for some curves γ i,n . Up to subsequence I n = I and the curves converge strongly in C 1 and weakly in W 2,p to curves γ i . In particular E n → E in the L 1 sense, and
by lower semicontinuity. Moreover by C 1 strong convergence we have that
Observe that E 0 carries inside B 1 (0) a F λ,p energy equal to 8λ. Arguing as in Subsection 4.1, since
Up to renaming and reparametrization assume γ 1 (0) = (1, 0), γ ′ 1 (0) = −(1, 0), and γ 1 |[−T, 0] joins (0, 1) and (1, 0) having support contained in FH \ B 1 (0). Since γ 1 is C 1 and closed, by the above discussion there exists a first time τ > 0 such that γ 1 intersects transversally ∂B 1 (0). Also such transversal intersection can take place only at one of the points in {(1, 0), (0, 1), (−1, 0), (0, −1)}. We divide two cases. 1) If γ 1 (τ ) ∈ {(−1, 0), (0, −1)}, observing that there is C > 0 depending only on the problem P such that L(γ i ) ≤ C for any i, then arguing like in (12) we get
where the last inequality holds choosing λ 0 small enough. 2) If γ 1 (τ ) = (1, 0), then by the same argument leading to (12) one has
If instead λp ′ < 1, then also λp ′ p < 1, and multiplying (49) by λp ′ one has λp ′ π ≤ F λ,p (γ 1 | (0,τ ) ). So we can write that F λ,p (γ 1 | (0,τ ) ) ≥ min{1, λp ′ }π. Choosing λ 0 < π 2 then π > 2λ, and since p ′ > 1 > 2 π then λp ′ π > 2λ; hence in any case
By inequality (48) we conclude that γ 1 (τ ) = (−1, 0) and ∂E 0 ⊂ ∪ N i=1 (γ i ). Hence again by the same inequality we have that E = E 0 , and thus P has a unique minimizer, that is E 0 . 4.3. Examples and qualitative properties. In this subsection we fix p ∈ (1, ∞) and we collect some remarks about the qualitative properties of sets E having F p (E) < +∞.
Let us adopt the following definition. Definition 4.3. A closed measurable set E ⊂ R 2 is a p-polygon if ∂E = (γ) for a curve γ : [0, 2π]/ ∼ ≃ S 1 → R 2 such that: i) γ is injective, ii) there exist finitely many times t 1 < t 2 < ... < t K such that γ| (t i ,t i+1 ) ∈ W 2,p for i = 1, ..., K (with t K+1 = t 1 ), and γ ′ (t Remark 4.5. More generally it follows from the proof of Proposition 4.4 that roughly speaking F p (E) = +∞ whenever the boundary ∂E has an angle (in the same suitable sense of the definition of polygon).
With the strategy in the proof of Proposition 4.4 we can construct an example of a set E ⊂ R 2 such that E is a set of finite perimeter such that the associated varifold V E verifies that
Such set is discussed in the next example.
Example 4.6. Consider a positive angle θ > 0 which will be taken very small and the vectors in the plane identified by the complex numbers (50) e −iθ , e −i2θ , e i(−π+θ) , e i(−π+2θ) .
The sum of such vectors gives the point (0, −2(sin(θ) + sin(2θ))). Now let ϕ > 0 be another positive angle and consider the vectors (51) e iϕ , e i(π−ϕ) , so that the sum of these last vectors gives the point (0, 2 sin(ϕ)). Then for θ → 0, since sin(θ) + sin(2θ) = 3θ + o(θ 2 ) there exists ϕ = 3θ + o(θ 2 ) such that the sum of the vectors in (50) and (51) is zero. Given these vectors we can define a set E as in Fig. 4 whose boundary is the image of three smooth closed immersions σ i of the interval [0, 1] having σ i (0) = σ i (1) = 0 with derivative σ ′ i (0), σ ′ i (1) proportional to the vectors in (50), (51). In such a way the varifold V E clearly verifies that σ V E = 0 and k V E ∈ L 2 (µ V E ). However arguing as in the proof of Proposition 4.4 and assuming F p (E) < +∞, one immediately gets a contradiction. Hence F p (E) = +∞. Finally we construct a simple example showing that there are sets E with F p (E) < ∞, but such that H 1 (∂E \ FE) > 0 and ∂E is the support of a C ∞ immersion σ.
Example 4.7. Let us construct a set E such that ∂E = (γ) for a C ∞ immersion γ : S 1 → R 2 , H 1 (∂E \ FE) > 0, and F p (E) < +∞. By construction we have that K = f −1 (0). Moreover f ∈ C ∞ ([0, 1]), in fact ϕ ≤ 1 and |ϕ (k) | ≤ c k for any k ≥ 1 for some c k > 0, so that both the series f and the series of the derivatives totally converge. Then we can define a C ∞ parametrization σ : [0, 4] → R 2 such that σ(t) = (t, f (t)) for t ∈ [0, 1], σ(t) = (3 − t, −f (t)) for t ∈ [2, 3], while σ| [1, 2] and σ| [3, 4] parametrize two drops with vertices respectively at (1, 0) and (0, 0). Therefore σ parametrizes the boundary of a bounded set E which is the planar surface enclosed by the two drops and lying between the graphs of f and −f . By construction ∂E = (σ) and FE = (σ) \ K, hence H 1 (∂E \ FE) ≥ 1 2 . However approximating f with f n (x) = f (x) + 1 n ψ(x), where ψ ∈ C ∞ ([0, 1]; [0, 1]) is such that ψ(0) = ψ(1) = 0, ψ| (0,1) > 0, and defining σ n in analogy with σ, we conclude that F p (E) < +∞.
· · E x y Figure 5 . An example of a set of finite perimeter E such that F p (E) = F p (V ) < +∞ for any p ∈ [1, ∞), where V ∈ A(E) is the varifold induced by a smooth immersion γ parametrizing ∂E. Here ∂E = FE ⊔{x, y} and the strict containments FE {x | θ V (x) is odd} = FE ⊔ {y} ∂E occur.
E n E Figure 6 . An example of a set E with finite relaxed energy such that ∂E \ FE is a singleton. A sequence of sets E n converging to E with uniformly bounded energy is for example made of sets like in the one on the left in the picture; the dashed line represents the corresponding ghost line given by the collapsing of the right part of the sets E n . Figure 7 . An example of a set E with finite relaxed energy such that, by Lemma 3.7, the multiplicity θ V is not locally constant on connected components of FE.
E
